I consider the problem of a thin membrane on which a metric has been prescribed, for example by lithographically controlling the local swelling properties of a polymer thin film. While any amount of swelling can be accommodated locally, geometry prohibits the existence of a global strain-free configuration. To study this geometrical frustration, I introduce a perturbative approach. I compute the optimal shape of an annular, thin ribbon as a function of its width. The topological constraint of closing the ribbon determines a relationship between the mean curvature and number of wrinkles that prevents a complete relaxation of the compression strain induced by swelling and buckles the ribbon out of the plane. These results are then applied to thin, buckled disks, where the expansion works surprisingly well. I identify a critical radius above which the disk in-plane strain cannot be relaxed completely.
INTRODUCTION
In nature, elastic instabilities determine the threedimensional structure of a variety of surfaces, including leaves [1, 2, 3] , flowers [4] , torn plastic sheets [14, 15] , growing tissues [5, 6, 7] , and, possibly, graphene sheets [8] . Harnessing the elasticity of thin films artificially, however, remains both a theoretical and experimental challenge [9, 10] . In recent work, Klein et al. [11] have designed thin films that swell isotropically, but inhomogeneously. This creates a residual stress that is relieved by buckling out of the plane, leading to the possibility of controlling three-dimensional structure by patterning a two-dimensional surface. The problem of determining the optimal three-dimensional membrane shape from the underlying swelling pattern, however, remains a poorly understood but critical component of engineering functional thin membrane structures.
For small thickness t, membranes exhibit large deformations at relatively small cost compared to planar strain, and one generically expects that they will bend to eliminate most of that strain. Determining the resulting shape has been associated with the mathematical problem of isometric embedding [1, 3, 4] -how does one determine the buckled shape if one knows only how far apart points on the surface are supposed to be? When are the resulting shapes uniquely determined? When the buckling induces positive Gaussian curvature, it turns out that this is always possible and the buckled shape is unique [13] . For negatively-curved surfaces, on the other hand, the situation is murkier. Hilbert's theorem and its modern generalizations may forbid the vanishing of the strain globally even though the strain can always be accommodated by buckling locally [13] . It is also known numerically that some isometric embeddings are not unique [15] . However the precise conditions determining whether a strain-free embedding exists and is unique are not at all known in general.
FIG. 1:
A typical disk with prescribed K = −1/R 2 (left) and an annular ribbon with three wrinkles (right), color-coded according to Gaussian curvature normalized to lie between −1 and 1. The solid line on the ribbon is a curve of zero mean curvature. The 6-fold symmetry of the Gaussian curvature is apparent at the ribbon edge.
In this letter, I study the physical manifestation of this geometrical frustration for thin, annular ribbons and disks that have been buckled by inhomogeneously swelling (for example, see figure 1 ). The goal is to answer questions about the existence and uniqueness of buckled metrics with negative curvature in this restricted set of geometries, and determine how these properties physically manifest themselves in buckled ribbons and disks. I will focus on the case of excess swelling on the outer edge of the ribbon resulting in a constant, negative Gaussian curvature. I find optimal ribbon shapes as the width increases, and identify a topological constraint that limits the availability of strain-free embeddings. These results are then applied to buckled disks with constant, negative curvature, where I present evidence for a critical radius above which the inhomogeneous strain can no longer be accommodated. Below the critical radius, the disk shape is uniquely determined by the metric.
GENERAL CONSIDERATIONS
We consider a model thin film described by coordinates x 0 in its flat, unswelled state. We assume either that there is a controlled growth process, such as cell division in a biological tissue [5, 6, 7] , or the inhomogeneous swelling of a polymer gel [11] , after which the film shape is given by X(x 0 ). The three-dimensional elastic energy can be described in terms of a Cauchy-Green strain tensor, Λ
We assume there is a unique energy minimum with respect to Λ i j . The question is to determine whether there is an X(x 0 ) for which this Λ i j exists. Consider the case of swelling an isotropic polymer gel. For the homogeneous swelling, Λ i j = Ωδ i j , were Ω depends on the cross-link density as well as other material parameters [12] . When the cross-link density in inhomogeneous, as in Ref. [11] , I assume Ω becomes of a function of the local density. For a thin film, dimensional reduction reduces the free energy to a two-dimensional membrane energy for the neutral surface of the film [16] ,
where H is the mean curvature of the film, given by the average of the two principle curvatures, and γ is the strain. In this letter, I will neglect a the possibility of spontaneous curvature, which would arise if Ω had a gradient across the film thickness, by setting c 0 = 0. In general, the strain can be written in the form γ ij = g ij −ḡ ij , where dl 2 = g ij dx i dx j is the twodimensional metric of the surface and dl 2 =ḡ ij dx i dx j is the prescribed two-dimensional metric. The trace is the usual one on curved surfaces, trγ =ḡ ij γ ij , save that we use the prescribed metric for the contraction. Similarly, tr(γ 2 ) =ḡ il γ ijḡ jk γ kl . For a membrane of thickness t, κ/λ ∝ t 2 . Therefore, the balance between bending and stretching energies is dominated by stretching and a reasonable approximation is to minimize the stretching energy completely, allowing the membrane to bend in whatever way necessary to do that. In general we should expect that the moduli vary with the swelling, but will neglect this complication in the following analysis.
For isotropic swelling, the reference metric is dl 2 = Ω(r) dr 2 +r 2 dθ 2 , where (r,θ) describe polar coordinates on the unbuckled membrane. We will find it useful, however, to choose a coordinate system in which the buckled membrane has a particularly simple mathematical representation. In Gaussian normal coordinates (r, θ), the metric will be dl 2 = dr 2 + ρ 2 (r, θ)dθ 2 , wherē ρ = r + ln Ω(r) −1/2 . These coordinates generalize the polar coordinates of a flat disk or ribbon: r measures the arc length along radial geodesics emanating from the center of the disk or inner ribbon boundary while θ is the azimuthal angle around the disk or ribbon. These coordinates always exist in disk or ribbon geometries [13] . The boundaries are from r = r 0 − w/2 to r = r 0 + w/2 for ribbons and r = 0 to r = w for a disk of radius w. The Gaussian curvature is given entirely in terms of the metric by K = −∂ 2 r ρ/ρ. For positively curved disks, ρ increases slower than r; for negatively curved disks, it grows faster. For K = −1/R 2 , for example, ρ = R sinh(r/R) which is linear near the origin and grows exponentially toward the edges. For the remainder of this letter, I will specialize to prescribed metrics with constant, negative curvature, though my methods will be applicable to a larger class of curvature distributions.
Why can negatively-curved metrics not always be embedded? The classic no-go theorem was given by Hilbert, who showed that there is no surface of constant, negative curvature that is both smooth and infinite area [13] . For axisymmetric shapes, this is apparently manifested physically by the divergence of the bending energy, which always occurs when ∂ r ρ ∼ 1 [9] . This is a compelling physical picture: the membrane is nearly strain-free until the curvature grows too large, after which the bending energy forces the film to have in-plane strain no matter how small the thickness. The situation, however, is more complex than it first appears. A surprising theorem of Nash demonstrated that a surface can be bent to have any metric but that the curvature may not be continuous [19] . In particular, this implies that the bending energy need not diverge in general [20] . These theorems do not, unfortunately, lead to a general criteria one can use to determine when a negatively-curved metric can be strain-free.
The key to our analysis is to examine the curvature more closely. The membrane curvature is described by the tensor h ij =n · ∂ i ∂ j r, where r(r, θ) describes the embedding of the surface as a function of the coordinates,n is the unit normal to surface and the indices i = r, θ. The mean curvature H = (1/2)(h rr + h θθ /ρ 2 ) and (h rr h θθ − h 2 rθ )/ρ 2 = K is the Gaussian curvature, K. This formula for K, when combined with K = −∂ 2 r ρ/ρ, yield a surprising result for isometric embeddings: the entire shape can be determined by integrating the evolution equation [13, 17] 
This equality, also known as Gauss' theorem egregium, is a second order evolution equation requiring initial conditions r(r 0 , θ) and ∂ r r(r 0 , θ), sincen = ∂ r r × ∂ θ r/ρ. This initial data, however, is further constrained by compatibility with the metric: (i) ∂ r r 2 = 1, (ii) ∂ θ r 2 = ρ 2 and (iii) ∂ r r · ∂ θ r = 0. This is sufficient to completely constrain ∂ r r up to an overall sign and, by equation (2), the rest of the surface as well.
To determine the shape of wrinkled membranes, the evolution equation (2) the h ij , yielding
rθ − h θθ h rr . Equations 3 are a form of the Gauss-Codazzi system [13] .
If we use the last equation to solve for h rr we will have to contend with the fact that h θθ may vanish. This is precisely what happens for axisymmetric surfaces, where h θθ → 0 when ∂ r ρ → 1 implies a diverging mean curvature at one edge. This problem is exacerbated in disks, where ∂ r ρ ≥ 1 and no axisymmetric embedding exists. As it happens, however, h θθ can vanish without H di-
r ρ]/h θθ , finite H requires that the components of the curvature tensor lie on a circle. In other words,
h θθ /ρ = ρH − ρ 2 H 2 + ρ∂ 2 r ρ sin α, for some function α(r, θ). This, in turn, implies
This is akin to coordinate singularities in general relativity; the problem is not with the surface but with the coordinate system on the surface. Notice the following interesting fact, however: we can choose any h rr and integrate equations (3) to find the resulting metric without this difficulty. Apparently, the entire surface is determined by our choice of initial conditions and an arbitrary function, h rr . The task will be to choose h rr such that the resulting ρ agrees with a prescribed metricρ as closely as possible; as it turns out, this allows us to side step the issue of vanishing h θθ . 
ANNULAR RIBBONS
I will first consider annular ribbons of width w and thickness t ≪ w. I will think of these ribbons as having been cut from a disk with metricρ = R sinh(r/R) from r = r 0 − w/2 to r = r 0 + w/2. This will greatly simplify our discussion of disks in the next section. Since the ribbons are thin, we solve the curvature evolution equations by expanding h rr = n h rr,n (δr/R) n and ρ = n ρ n (r/R)
n . This will yield a unique, perturbative solution in powers of δr = r − r 0 for the shape.
To make progress, we must make one further simplification when the in-plane strain does not vanish. The strain contribution to the energy is controlled by ∆ = (ρ 2 −ρ 2 )/ρ 2 ; after all, if ∆ = 0 then the actual metric equals the prescribed metric and γ ij = 0. Calculating the strain when ∆ = 0 can be quite difficult, however. If we assume ∆ is small, we can expand all the strain components in powers of ∆ and the dominant term in the strain energy will scale with ∆ 2 . Clearly, minimizing ∆ 2 is sufficient to find a strain-free configuration when one exists; I also expect that it provides an adequate approximation to the shape even when one does not exist. To obtain an explicit expression for the strain, I follow Audoly and Boudaoud [15] by setting all but one strain component to zero. I choose γ rr = γ rθ = 0, leaving γ θθ = ∆. This approximation limits us, however, to regimes in which either in-plane strain or bending energy dominates the energetics since it probably incorrectly captures how these two contributions to the energy would balance. In the case of buckled disks, we will only be concerned with the existence and shape of surfaces with ∆ = 0 so this should not be a problem.
As long as w ≫ t the strain energy ensures that ρ 0 =ρ 0 and ρ 1 =ρ 1 -that is the metric agrees with the prescribed metric up to first order in w/R. The lowest order terms in the energy are then given by
where Y is the Young's modulus. Due to our approximation for the strain, one should not play too close attention to the numerical factors -I've included them here for completeness. The scaling of the compression and bending energies with respect to w/R allow us to identify two regimes: w/R ≪ (t/R) 1/2 , for which the bending energy term dominates, and w/R ≫ (t/R) 1/2 , for which the compression term dominates. The former regime was studied in reference [4] . Since the annular ribbons shapes are determined by minimizing their bending energy, they are flat (H(r 0 , θ) = 0) but circular strips.
When w/R ≫ (t/R) 1/2 , the dominance of the compression strain results in ρ 2 =ρ 2 . After setting ρ 2 , the next term in the compression energy scales as (w/R) 7 . More generally, if we chooseρ n = ρ n , the dominant term in the compression energy scales as (w/R) 3+2n . From this, we identify a cascade of regimes (t/R) ≪ (t/R) 1/2 ≪ (t/R) 1/4 ≪ · · · that set the relative balance of compression energy and bending energy order by order. When w/R ≫ (t/R) 1/4 , for example, the compression energy requires us to choose ρ 3 =ρ 3 . We then obtain an approximation to the ribbon shape by minimizing the compression strain up to some power of w/R, then set the remaining terms by minimizing the bending energy. This basic picture will not be changed by a more careful evaluation of the strain energy, and if the ribbons were not closed annuli the problem of optimal shape would be solved. In the limit of t → 0, in particular, we conclude that we should systematically set the coefficients ρ n =ρ n in the ground state. This analysis implies that we are able to choose any H and α arbitrarily for our initial conditions, from which the entire expansion in powers of r is determined. This analysis conforms with the notion that there is no local obstruction to finding strain-free configurations.
For annular ribbons, however, there is an obstruction to our ability to minimize the compression energy term to third order and above: the ribbon must be periodic and not twisted. This constraint is encoded by the winding numbers of the three Euler angles of the coordinate frame defined by ∂ r r, ∂ θ r andn. The unit tangent vector of a curve of constant r can be written ast = cos θ sin φx − cos θ cos φŷ − sin θẑ. The remaining Euler angle, ψ defines angle made by the surface normaln around the axis defined byt:n = (− sin ψ cos φ + sin θ cos ψ sin φ)x + (− sin ψ sin φ − sin θ cos ψ cos θ)ŷ + cos θ cos ψẑ. Using these definitions, we have sin ψθ ′ − cos θ cos ψφ ′ = −ρ 1 from the metric, where the prime indicates differentiation with respect to the azimuthal coordinate. These angles are related to the curvatures by
The constraint states simply that ∆φ = φ(2π) − φ(0) = 2π, ∆ψ = 0, and ∆θ = 0, or some other combination where one Euler angle gives 2π and the others give zero. We look for a solution of these equations of the form H = H 0 sin(mθ), α = mθ and ρ 2 =ρ 2 in equation (4), choosing the number of wrinkles m, and H 0 , to satisfy the winding number constraints. The numerically determined relationship is shown in figure 2 . Apparently, H 0 is determined completely by m and ρ 1 , and it is no longer possible to set the curvature to zero. Moreover, this relationship must be true not only for ribbons but for all curves of constant r on a membrane. Notice that H 0 = 0 along r = r 0 whenever m =ρ 1 + 1. Figure 1 displays a ribbon with m = 3 and H 0 = 0 at r = r 0 .
With these results in hand, we consider again the case that w/R ≫ (t/R) 1/4 in which we are required to choose a minimal value of ρ 3 . The evolution equation for ρ determines ρ 3 in terms of the curvatures at some r = r 0 . Assuming H 0 R is small, we expand the compression energy to quadratic order in the mean curvature, yielding
This expression can be minimized subject to the topological constraint. The results of this minimization are displayed as a thick solid line in figure 2 in terms of the mean curvature. In particular, I find that m = 2 is preferred for small radii, m = 3 is energetically preferred when r ≈ 0.63R, and m = 4 when r ≈ 1.05R. This trajectory differs from the optimal ribbon in the regime (t/R) 1/2 ≪ w/R ≪ (t/R) 1/4 , when bending energy dominates over compression strain. In that case, the number of wrinkles follows the trajectory in figure 2 that minimizes H 2 0 . This fundamental incompatibility arises from the topologically determined relationship between H 0 and the metric -if we were to cut the ribbon to relax this constraint, a ground state with H 0 = 0 and ρ 3 =ρ 3 would yield a non-integer m according to equation 8.
BUCKLED DISKS
We now turn our attention to disks. Since every curve of constant r on a disk satisfies the same topological constraint that ribbons do, we can recover the limit of a disk by taking r 0 → 0 in figure 2 . This implies thatρ 1 → 1. Notice that when m = 2, H(0) = 0 and the disk is smooth at the center. On the other hand, if m > 2 on the disk as r 0 → 0, the surface will not be smooth at r = 0 since H = H 0 (0) sin(mθ) -the result is a singularity at the disk center akin to that of a cone.
We again apply an expansion in powers of r/R. We will assume that the t is small enough that the compression strain dominates to all orders of r/R. This also ensures that the resulting shape will be independent of the approximation used to evaluate the strain since we need only minimize ∆ 2 . Immediately, we see that ρ = n ρ n (δr/R) n agrees withρ = nρ n (δr/R) n up to second order when h rr is given by equation (5) evaluated on r = r 0 . Using this expansion, I find that α = 2θ as r 0 → 0 as expected from our analysis of figure 2. Negatively-curved disks are saddle-shaped near their centers regardless of the magnitude of Gaussian curvature. This result is anticipated by a stability analysis of growing tissues [6] and the fact that saddles are canonical examples of negatively-curved surfaces. Continuing in this manner,
up to fourth order, implying that ρ agrees with the prescribed metric up to seventh order. The resulting shape is shown in figure 1 . It is worth noting that for small but finite t/R, we might expect deviations from this shape due to small, but nonzero, contributions from the bending energy. In this case, the resulting deviations of the Gaussian curvature are fourfold symmetric. In fact, K ∝ sin 2 (2θ), which is a consequence of its quadratic dependence on the h ij and the membrane's saddle shape. This four-fold symmetric deviation is apparent in experiments on non-Euclidean disks [11] and is universal for negatively-curved disks with axisymmetricρ.
This perturbative construction can be continued to higher orders, forcing the introduction of higher oscillations in θ. The data in figure 3 is shown up to eleventh order in r/R, after which the deviation of the metric appears to converge to a universal curve. I have confirmed this convergence up to fifteenth order in r/R. It is interesting that the perturbative expansion is quite good, as measured by ∆ 2 , even with relatively few terms, as long as r < R. From figure 3 , above a radius, r ≈ 1.2R, ∆ 2 does not decrease with increasing order of r/R though it does below this radius.
It is enlightening to consider these results in light of several rigorous mathematical results on negatively curved surfaces. Since a surface can be deformed to agree with any prescribed metric in a finite region [17] we conclude that the unique expansion in equation (9) must have a finite (nonzero) radius of convergence around the origin. Hilbert's theorem, however, ensures that this expansion fails to converge at large enough r even at t → 0 since, if it did, the surface would have infinite area and constant negative curvature. A more recent mathematical result does provide an existence proof (but not a construction) that a negatively-curved disk can be embedded up to a critical radius r c [13, 18] . According to this result, above this radius |K| must either decrease faster than 1/r 2 or develop zeros no matter how h rr is adjusted. From figure 3, I find r c ≈ 1.2R as the critical radius for constant curvature. These theorems, taken together, imply the disk becomes non-analytic at r = r c as t → 0. This follows immediately from the fact that ρ 2 −ρ 2 = 0 for r < r c and is nonzero for r > r c . Notice that figure 4 indicates that H = H 0 (r) sin(2θ) on a disk to excellent approximation. We glean further insights by considering the topological constraint on curves of constant r on the disk. As it turns out, dθH 0 (r, θ) 2 /(2π) on the disk agrees quite well with the value predicted by the m = 2 branch of figure 2. This prediction works until the m = 2 branch ends at r ≈ 1.2R, beyond which the constraint cannot be satisfied by solutions of the form H = H 0 sin(2θ). This gives an independent corroboration of the value of critical radius found by perturbative expansion in powers of r/R. Unlike the case of axisymmetric surfaces, the mean curvature does not diverge at this critical radius. This roughly matches our intuition from Nash's theorem that the curvature need only be discontinuous at worst, not divergent. It is interesting to speculate that the curvature would become discontinuous precisely at r = r c as t → 0 if we pursued an isometric embedding beyond the critical radius.
CONCLUSION
What happens above the critical radius? A hint comes from the fact that better agreement between disk shape and prescribed metric can be made if we allow additional subwrinkles. In figure 5 , I compare the constant curvature saddle to a disk on which additional subwrinkles begin abruptly at r/R = 4/3 with m = 10. This was cho-
